ALGEBRAIC LOGARITHMIC DEFORMATIONS AND 

APPLICATIONS TO SMOOTHINGS OF FANO VARIETIES WITH 

NORMAL CROSSING SINGULARITIES. 

^H ! 

O 

£\J ■ NIKOLAOS TZIOLAS 

>y 

Cw ' Abstract. In this paper we first develop, following Kawamata and Namikawa, 

a logarithmic deformation theory for algebraic varieties over any field k and we 
obtain criteria for a Fano variety X defined over an algebraically closed field 
of characteristic zero with normal crossing singularities to be smoothable. In 
particular, we show that if T 1 (X) = Or), where D is the singular locus of X, 
then X is smoothable. 

< 

i-Q ■ 1. Introduction 

In this paper we study the deformation theory of a Fano variety defined over an 
algebraically closed field of characteristic zero with normal crossing singularities. 
In particular we investigate when such a variety is smoothable. By this we mean 
that there is a flat projective morphism / : X — >• A, where A is the spectrum of 
a discrete valuation ring (R,mu), such that X ®r (R/mn) = X and X ®r K(R) 
is smooth over the function field K(R) of R. Moreover, we study when such a 

lf~. \ smoothing exists with smooth total space X. In this case we say that X is totally 

f~~; ■ smoothable. 

. * | Normal crossing singularities appear quite naturally in any degeneration prob- 

lem. Let / : X — > C be a flat projective morphism from a variety X to a curve 

{^) \ C. Then, according to Mumford's scmistable reduction theorem [KKMS73] , after 

a finite base change and a birational modification the family can be brought to 
standard form fiX'—tC, where X' is smooth and the special fibers are simple 
normal crossing varieties. 

Smoothings of Fano varieties play a fundamental role in higher dimensional bira- 
tional geometry as well. The outcome of the minimal model program starting with 
a smooth n-dimensional projective variety X, is a Q- factorial terminal projective 
variety Y such that either Ky is nef, or Y has a Mori fiber space structure. This 
means that there is a projective morphism j:Y^rZ such that —Ky /-ample, 
Z is normal and dimZ < dim A" — 1. Suppose that the second case happens and 
dimZ = 1. Let z 6 Z and Y z = f^ 1 (z). Then Y z is a Fano variety of dimension 
n— 1 and Y is a smoothing of Y z . The singularities of the special fibers are difficult 
to describe but normal crossing singularities naturally occur and are the simplest 
possible non-normal singularities. 

Moreover, the study of smoothings /: X — > A such that X is smooth, —Kx 
is /-ample and the special fiber is a simple normal crossing divisor, has a central 
role in the classification of smooth Fano varieties [Fu90 . In dimension two T. 
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Fujita }Fu90j has described all the possible degenerations of smooth Del Pezzo 
surfaces to simple normal crossing Del Pezzo surfaces and Y. Kachi showed that all 
these actually occur jKac07| . As far as we know this problem is completely open 
in higher dimensions. 

It is therefore of interest to study which Fano varieties with normal crossing 
singularities are smoothable and in particular, which are totally smoothable. 

The paper is organized as follows. 

In section 3 we extend the theory of logarithmic deformations developed by Y. 
Kawamata and N. Namikawa KawNa94 for complex analytic spaces with normal 
crossing singularities, to the case of algebraic varieties. An algebraic theory of log- 
arithmic structures was previously defined by K. Kato Ka88 . However, the one 
defined by Kawamata and Namikawa is more geometric and in my opinion has the 
advantage of making it easier to calculate the various obstruction spaces to defor- 
mations. This is the reason that I feel it is desirable to have an algebraic version of 
it. In Definition 13 . 1 1 we define the notion of logarithmic structures for an algebraic 
variety with normal crossing singularities and in Definition 13.101 we define the no- 
tion of logarithmic deformations of a variety A with a logarithmic structure U. The 
passage from the complex analytic case to the algebraic one is by using the etale 
topology and Artin approximation Art69 . All the results obtained by Kawamata 
and Namikawa in the complex analytic case, hold in the algebraic as well. We state 
the most important ones, we prove those where there is a difference between the 
complex analytic case and the algebraic one and when there is no difference, we 
refer the reader to [KawNa94 for the details. In Proposition 13.81 we show that a 
variety A with normal crossing singularities has a logarithmic structure if and only 
if T 1 (X) = Od, where D is the singular locus of X. If X is simple normal crossing, 
i.e., has smooth irreducible components, the condition T 1 (X) = Od is equivalent 
to Friedman's d-semistability condition Ft83 and hence Proposition 13 . 81 is a gener- 
alization of [KawNa94 ( Propositionl.l]. The advantage of considering logarithmic 
deformations instead of the usual ones, is that locally they behave like deformations 
of smooth varieties. In fact, in Proposition 13.161 it is shown that any logarithmic 
deformation (Xa,Ma) of a variety X with a logarithmic structure U over a finite 
Artin fc-algebra A has a unique lifting to any finite Artin fc-algebra B that is a 
small extension of A. This makes the logarithmic deformation theory similar to the 
one of smooth varieties. Based on this fact, exactly as in KawNa94 , Theorem 13. 171 
describes the tangent space and the obstruction to logarithmic deformations. 

In section 4 we study the obstruction spaces to deform a Fano variety X with 
normal crossing singularities defined over an algebraically closed field of character- 
istic zero. It is well known that H 2 (Tx) and H 1 (T 1 (X)) are obstruction spaces to 
deformations of A. If A has a logarithmic structure 14, Theorem 13.171 shows that 
H 2 (Tx(log)) is an obstruction space to logarithmic deformations. If X is simple 
normal crossing, which means that X has smooth irreducible components, then its 
obstruction theory is deeply clarified by the work of Friedman |Fr83l . However, in 
the general case when X is not necessarily reducible, Friedman's theory does not 
directly apply. In Theorem 14.71 we show that if A is a Fano variety with normal 
crossing singularities then H 2 (Tx) = 0. Moreover, if A has a logarithmic structure 
U, then H 2 (Tx {log)) — and hence A has unobstructed logarithmic deformations. 
Usual deformations can be obstructed since the other obstruction space H 1 (T 1 (A)) 
may not vanish. This is the case in example 16.21 However, T l (X) is a line bundle 
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on the singular locus D of X and in order for X to be smoothable one has to im- 
pose some positivity conditions on T 1 (X) that will force it to vanish. If X has at 
worst double points, then in Theorem 14.91 we show that iJ 1 (T^X)) = and hence 
X unobstructed deformations in this case. 

In sections 5 we apply the deformation theory developed in the previous sections 
to obtain criteria for the existence of a smoothing of a Fano variety X with normal 
crossing singularities. We also study the problem of when X is totally smoothable. 
Proposition 15.11 shows that if X is totally smoothable, then T 1 (X) = Od, where 
D is the singular locus of X. Therefore by Proposition 13. 8[ X has a logarithmic 
structure and the theory of logarithmic deformations applies in this case. The main 
result of sections 5 is the following. 

Theorem 1.1. Let X be a Fano variety defined over an algebraically closed field 
of characteristic zero with normal crossing singularities. Assume that one of the 
following conditions hold: 

(1) T l (X) is finitely generated by global sections and that _ff 1 (T 1 (X)) = 0. 

(2) X has at worst double point normal crossing singularities and that T 1 (X) 
is finitely generated by global sections. 

(3) X is d-semistable, i.e., T 1 (X) = Od, where D is the singular locus of X. 

Then X is smoothable. Moreover, X is smoothable by a fiat deformation f : X —> A 
such that X is smooth, if and only if X is d-semistable. 

I do not know if the condition that T X (X) is finitely generated by its global 
sections is a necessary condition too for X to be smoothable. X is certainly not 
smoothable of H°(T 1 (X)) = [TzlO]. In all the cases of the previous theorem the 
condition finitely generated by global sections implies that Def (X) is smooth. If it 
is true that Def(X) is smooth for any X, then X smoothable implies that T 1 (X) 
is finitely generated by its global sections too. 

In section 6 we give an example of a smoothable and one of a non-smoothable 
Fano threefold. 

Finally, the requirement that we work over an algebraically closed field is more 
technical than essential. In the general case I believe that the definition of normal 
crossing singularities must be modified to allow singularities like x$ + x\ =0 in 
M 2 . This would make the arguments more complicated without adding anything of 
essence to the proofs. This is explained in Remarks l3.2l However, the characteristic 
zero assumption is essential since we make repeated use of the Akizuki-Kodaira- 
Nakano vanishing theorem. 

2. Terminology-Notation. 

All schemes in this paper are defined over an algebraically closed field k. 

A reduced scheme X of finite type over k is said to have normal crossing (n.c.) 
singularities at a point P £ X if Ox : p — k(P)[[xo, ■ ■ ■ ,x n ]]/(xo ■ ■ -x r ), for some 
r = r(P), where k(P) is the residue field of Ox,p and Ox,p is the completion of 
Ox,p at its maximal ideal. X is called a normal crossing variety if it has normal 
crossing singularities at every point. In addition, if X has smooth irreducible 
components then it is called a simple normal crossing variety (s.n.c). 

A reduced projective scheme X with normal crossing singularities is called a 
Fano variety if and only if lu x is an ample invertible sheaf on X . 
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For any scheme X we denote by T X (X) the sheaf of first order deformations of 
X |Sch68j . If X is reduced then T X {X) = £xt 1 x {Q. x ,O x ). 

A variety X with normal crossing singularities is called d-semistable if and only 
if T l (X) = On, where D is the singular locus of X. If X is a s.n.c. variety defined 
over C, then by Lemma T3. 61 and |Tz09] . 

(IxJIxJd) ® • • • ® (IxJIxJd) = Uom D {T\X), O d ) = O d 

and hence X is d-scmistable in the sense of Friedman [Fr83 . 

We say that X is smoothable if there is a flat morphism of finite type / : X — > A, 
A = Spec(i?), where R is a discrete valuation ring, such that the cental fiber Xq is 
isomorphic to X and the general fiber X g is smooth over the function field K(R) 
ofR. 

Finally, we will repeatedly make use of the Akizuki-Kodaira-Nakano vanishing 
theorem and its logarithmic version, which we state next. 

Theorem 2.1 (Akizuki-Kodaira-Nakano |AN54| . [EV92] ). Let X be a smooth va- 
riety and C an ample invertible sheaf on X . Then 

H b (n a x <s>£- 1 ) = o 

for all a, b such that a + b < dim A. 

Moreover, if D is a reduced simple normal crossings divisor of X , then 

H b (n x (log(D))®£- 1 ) = 

for all a, b such that a + b < dim A. 

3. Logarithmic Structures. 

Let X be a complex analytic space with normal crossing singularities. Y. Kawa- 
mata and Y. Namikawa KawNa93j have defined the notions of logarithmic struc- 
tures and logarithmic deformations of X. In this section we extend their results 
to algebraic varieties with normal crossing singularities defined over an arbitrary 
algebraically closed field k. 

Definition 3.1. Let A be a scheme of finite type over an algebraically closed field 
k of dimension n with at worst normal crossing singularities. Let D be the singular 
locus of A. A logarithmic atlas on A is a collection 

U = {(U x ,h);z^,...,zW} 

such that 

(1) f\ : U\ — > X is etale and U\, V\ — f\{U\) are affinc. 

(2) U\V\ contains the singular locus D of A 

(3) z\ ' 6 Ou x . Moreover, there are etale morphisms 

tt . -inr o k[xo, . . . , x n \ 

gx : Ux^W x = Spec- 

(Xq ■ ■ ■ X r ( X )) 

with the following properties. Let Wx,i be the irreducible component of Wx 
given by a* = and U x ,i = j^O^i), < i < r(A). Then l Uxi = (z*. X) ), 
< i < r(X), and z\ ' £ 0\j for r(A) < i < n. In particular, Ux is a s.n.c. 
variety. 
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(4) Let A, \i be such that Ux^ = Ux Xx U^ ^ and let px : Ux Xx U^ — > U\, 
Pn- U\ Xx U^ — > Up,, be the projection maps. Then for any connected 
component Z of the singular locus of Uxp., there is an open neighborhood 
W of Z in Ux^, a a G S n +i and invertible functions u\ <E O^ such that 

Pl(z%)\w=u^ P ;(z^)\ w and u^ ■ ■ ■ u^ = 1 

Two log atlases U and W on a variety X with normal crossing singularities are 
called equivalent if and only if their union is a log atlas on X. An equivalence class 
of log atlases is called a logarithmic structure (or log structure) . 

Remarks 3.2. (1) Our definition of a logarithmic structure is a natural gen- 

eralization of the one given by Kawamata and Namikawa [KawN a9~4] in 
the complex analytic case. In that case, the functions z\ are defined by 
choosing a local isomorphism of an analytic neighborhood Ux with an open 
neighborhood of Xo ■ ■ ■ xn — in C n+1 , where n — dimX and pulling back 
the coordinate functions Xi . In the algebraic case there may not be such an 
isomorphism in the Zariski topology. However, this is remedied by passing 
to the etale topology and using Artin's algebraization results |Art69j . 

(2) The reason that in l3.H 4 we require the relations to hold in a neighborhood 
of any connected component of the singular locus of Ux^ and not on the 
whole Uxfj, is the following. The functions z\ generate the ideal sheaf of a 
smooth irreducible component Ux,i of Ux- Then p* x {z\ ) generate the ideal 
sheaf of P^iUxj) and Ux„ = U^ 1 ^) = Ujp-^U^). Kp^iUx,*) and 
p~ 1 (/7 AtJ ) were irreducible, then for any i there would be a j such that 
p^iUx.i) — P^iUpj) and then it would be reasonable to require l3Tl 4 
to hold in Ux^- However, it is possible that p^ 1 (D r A,i) and P^ 1 (C/ MJ ) are 
disconnected and their components could in principle mix making a relation 
as in 13.11 4 unlikely in the whole Ux^- However, if fx: Ux — > X is an etale 
neighborhood of D (i.e., f^~ (D) = D), then the previous complication does 
not happen and we could require T3. 11 4 to hold on all Ux^- Unfortunately 
though, I do not know if such neighborhoods exist in general. In any case 
this is just a technicallity that would simplify the definition of logarithmic 
structures but does not alter the theory in any significant way. 

(3) If the base field is not algebraically closed, then I believe that the definition 
of a normal crossing singularity must be modified. A point P E X should 
be called a normal crossing singularity if and only if 

fi „ j ~ L[x ,...,x n ] 
(x ■■■x r ) 

where L is a coefficient field of Ox,p and L its algebraic closure. This way 
singularities like Xq + x\ = in M. n are normal crossing. We believe that 
the methods used in this paper work in the general case as well. However, 
the arguments would be more complicated since one has to keep track of 
the fields involved and worry about separability conditions. For this reason 
and for the sake of clarity we work over an algebraically closed field. 

Next we present some basic properties of logarithmic structures and logarith- 
mic deformations. They are generalization in the algebraic category of the corre- 
sponding properties in the complex analytic case [KawNa94 . We will explain the 
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differences between the two cases and whenever there is none or the proofs are 
straightforward, we refer the reader to [KawNa94i for the details. 

Next we present the main technical tools. The bridge between the analytic case 
and the algebraic one is provided by Artin's algebraization theorem. 

Theorem 3.3 ( [Art69]). Let X\, X2 be S-schemes of finite type, and let Xi G Xi, 
i = 1,2, be points. If Qx x ,x\ — Cx 2 ,i 2 ! then X\ and X2 are locally isomorphic for 
the etale topology, i.e., there is a common etale neighborhood (X',x') of (Xi,Xi), 
i = 1,2. This means there is a diagram of etale maps 





X\ X2 

such that fi{x') = X\, f2{x') = X2 and inducing an isomorphism of residue fields 
k(x\) = k(x') = k{x2) 

We will also need the following technical results. 

Lemma 3.4. Let f ': X — > Y be an etale map with X affine and Y separated. Then 
there is an affive cover {Vi} ofY such that U; b = / (l») is affine too. 

Proof. By Zariski's main theorem |Mil801 Theorem 1.8] there is a factorization 

X^-^X 1 

f 

Y 

where i is an open immersion and g is finite. Let V C Y be open affine. Then 
g~ l (V) is affine and hence since Y is separated, U = XC\g~ l (V) is affine too. The 
result now follows immediately. □ 

Lemma 3.5. Let A be a reduced Noetherian ring such that 

(1) The minimal primary decomposition of (0) is of the form 

(o) = (01) n • • • n (a*) 

(2) A/(a,i) is regular for all i = 1, . . . , k. 

(3) For any maximal ideal m C A, 

2 ~ (A/m)[[xi,...,x n ]] 



\X\ • • • X r ( m ) ) 

Let a 6 A be an element such that (ai) = (a), for some 1 < i < k. Then there 
exists u G A* a unit such that a = uai 

Proof. Let a G A such that (a) = (a,), for some i. Then ai = au, for some u G A. 
If u is not a unit, then there is a maximal ideal m of A such that u S TO. Then by 
assumption, 

2 __ fc[[xi,...,x„]] 

\X\ • ' • ^C-r(m) / 
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where k = A/m. Moreover, we may take x\ = ai. Then (xi) — (a). Let In = 
(xi ■ ■ ■ Xi ■ ■ ■ x n ) 1 < i < r(m)) C A m be the ideal of the singular locus of A m . Then 
{xi)/{x\)Id is a free A m / Id module. Hence 

x\ = ca + a,y g%x\ ■ ■ ■ Xi ■ ■ ■ av(m) 

i 

where c G k. Then xi — ua £ m 2 , which is impossible. Hence u £ A* . 

□ 

Lemma 3.6. Let Y be a smooth variety and A C Y a simple normal crossing 
divisor. Let Xi, 1 < i < n be the irreducible components of X and D its singular 
locus. Then T l (X) is an invertible sheaf on D and moreover 

UomoiT^X), O d ) = -=^- <g> •• • ® -r^r- 

-L-Xx-LD -Lx n -LD 

Proof. A local calculation shows that indeed T l (X) is an invertible sheaf on D. 
Moreover, there is an exact sequence 

T Y ® O x ->■ M x/Y -> £x£ x (Slx,Ox) -* 0. 

Now since T X {X) = £xt x (n x ,O x ) is invertible on D, it follows that T\X) = 
M x iy ® On or equivalent ly that 

HomniT^X), O d ) = ^-®O d - ±S ' " ' ±X 



x x I Xl ---I 2 Xn +lDlx 1 ---X Xn 

Now since D = U io<il (X io nX^), it follows that 1 D = rii <i 1 ( :Z ^« +^x il )- Then 
there is a natural surjective map 

1X1 iv IXl '" A =Hom D (T 1 (X),0 D ) 



Ix ± Id Zx„Zd 1 Xl ■ ■ -Z Xn + T-d1 Xi ■ ■ -Ix n 

A straightforward local calculation shows that for any 1 < r < n, X Xr jX x Xn is 
invertible on D and hence 

Hom D (T l (X),On)- ls] Ix " 



as claimed. 



D 



Remarks 3.7. (1) The previous proposition is true without the assumption 

that A is a divisor on a smooth variety. However, we only need this version 

and the above proof is much simpler than the general case. 

(2) If A is a complex analytic space with normal crossing singularities, then 

there is an embedding A C Y of A as a divisor on a smooth variety 

Y 1*1555) . 

Proposition 3.8. Let X be a scheme of finite type over an algebraically closed 
field k with normal crossing singularities. Then X admits a logarithmic structure 
if and only ifT l {X) = On, where D is the singular locus of X. 
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Proof. Suppose that T 1 (X) = Od- Let P £ X be a normal crossing singularity. 
Then by Theorem 13. 3[ there is a diagram 



X 
where f p , g p are etale, P G f P (U p ) and 




VVp = Spec- 



for some 1 < r(p) < n. Moreover, by Lemma 13.41 we can assume that U p and 
f(U p ) = V p are affine. Let Wi = g*(xi), 1 < i < r(p) and Wi = 1, r(p) < i < n. 
Repeating this at every point of X we get a collection 

U = {(U x J x );w^,...,wi X) } 

satisfying the properties 13.11 1. |3~T1 2 and 13.11 3. In addition, there are etale maps 
5a: U\ ->■ W\, where 

W x = Spec-^ i. 

It remains to show that U can be chosen so that that 13.11 4 is satisfied too. Let 
(T^X))* = Hom D (T 1 (X),0 D ). Then (T 1 ^))* = O d . Let (T l (X))* et be the 
sheaf in the etale topology induced by (T l (X))*. Then {T l (X))* et =* 0£> et Let 
s G if°((T 1 (X))* t ) be a nowhere vanishing section and let s\ its restriction on U\. 
Then since g\ is etale, it follows that 

(T 1 (U x )y=gt((T 1 (W x ))*) 

Moreover, from Lemma 13.61 it follows that 

^Wx , _ _ %w x 



{T\w x )r 



y\,rw 



X Wxi I Ex x WxMX) x Ex 

where E\ is the singular locus of W\ and W\,i is the irreducible component of W 
given by Xi = for 1 < i < r(A). Hence 

(3.8.i) (r 1 ^))*^) = , ^ ® ■ ■ ■ ^ %A " ( ; ) 

- L U>.. 1 Xd x L Ux, T (\)- L D > , 

where !7a,j = g^ (Wa,j), ^a = g x 1 {E\) is the singular locus of U\ and X^ A 4 ,Xd a 
the ideal sheaves of U\ t i and D\ in C/a, respectively. The rest of the argument is 
mostly as in KawNa94 . For the sake of completeness, and in order to highlight the 
differences between the complex analytic and the algebraic case in definition 13.11 3 
and l3.H 4. we reproduce it next. 

By construction, Xjj x . — (w\ ), where w\ = g^(xi), and 

S\ = Sq ® ■ ■ ■ ® s^ (A) 

where s^ € Xjj x JXjj x t Xo x and hence s$ — u^w^ with u* £ O d nU . If we shrink 
U\ we can assume that u^ E Qy and hence z\ ' = ufw* generate Xy x . and 

sa = 4 A) ® • • • ® 4 A) 
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Let U\n = U\ xx Ufj,, and let p\ : [7 A(U -)■ U\, p^: Ux^ -> U^ be the projection 
maps. Then 

(3-8.2) U^a 1 (^) = Up; 1 ( C/ m, J ) 

i 3 

Let Z be a connected component of the singular locus of U\^. Then it is not 
hard to see that if V is a sufficiently small affine open neighborhood of Z in E/ A/i , 
p~^ (Ux^CiV andp~ 1 (C/ MJ )nV r are irreducible and hence (|3.8.2|) implies that there 
is a e S n +i such that p^ (U\ t<7 (i)) (~l V — p^ 1 (C/ M: i) n V. Then since V is affine, 
Lemma [33] implies that p A (4«)k = u^ pfa^ )\ v , where uf^ £ (D* v . Then 
from l3.8?Tl in the case of V, it follows that 

on Z. Therefore, since V is affine s.n.c., there are aj £ H°(Oy) such that 

n 
3=0 

where t\ — p^(z^ )\v- Hence, since if, ■ ■ ■ i„ = 0, if we replace each Uj with 



j a j L ' ' ' S-lS + l " * l n 



U 3 

we see that condition l3.H 4 is satished too. The converse is exactly as in KawNa94 
and we omit it. □ 

Remark 3.9. If X is a s.n.c. complex analytic space then there is an embedding 
X c Y of X as a divisor in a smooth variety Y |Tz09[ Lemma 3.11] and then 
Lemma 13.61 says that X is d-semistable in the sense of Friedman |Fr83j . Therefore 
Proposition 13.81 is a generalization of KawNa94, Proposition 1.1]. 

Next wc define the notion of logarithmic deformations of a n.c. variety X with 
a logarithmic structure Uq ■ 

Definition 3.10. Let (X, Uq) be a n.c. algebraic variety with a logarithmic struc- 
ture. Let Di, . . . , D m be the components of the singular locus D of X. Let (A, tua) 
be an Artin local fc-algebra and s%, . . . s m £ tua- Then a logarithmic deformation 
(X,U) of (X, Uq) over A — (A; s\, . . . , s m ) is a deformation X of X over A and a 
logarithmic atlas 

W = {(l/ A ,/ A );4 A) ,...,zi A >} 
which is defined as follows: 

(1) h ■ U\ -*• X are Stale and z\ X) 6 Ux . 

(2) The restrictions of f\ and z\ on X form a logarithmic atlas on X equiv- 
alent to Uq. 

(3) z^ ■ ■ ■ z { n x) = Sl , if/ A (C/ A )nA^0. 

(4) Let A, /x be such that C/ Am = U\ x x V ^ ^ and let p A : C/ A x x C/ M — > C7 A , 
p M : C/ A x x U^ — > Ufj, , be the projection maps. Then for any connected com- 
ponent Z of the singular locus of L/ A/i <8>a k, there is an open neighborhood 
W of Z in C/ A/J , a er e S^+i and invertible functions u\ <E O^ such that 

„*/„(>.) si _ 1/ ( A A')„*r^^^|„, and „(*M)..., # (Am) _ 1 
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Two logarithmic deformations (X,U) and (X',W) of (X,Uq) are called equivalent 
if and only if there is an A- isomorphism 4> : X — > X 1 such that U and <p*U' define 
the same log structure in X, i.e., their union is a log atlas on X, where (f>*W is the 
natural pullback of W on X. 

Let A m = k[[ti, . . . , t m ]]. We shall regard A as a A m -algebra with the same 
underlying ring as A whose structure homomorphism a : A m — ^ _4 is given by 
a(ti) = s^ Then the log deformations of (X, Uq) define a functor 

LD(X,U ): Art Am (k) -> (Sets) 

Next we study the logarithmic deformation theory of a n.c. variety X with a 
logarithmic structure Uq. We will describe the tangent space of LD(X,Uq) and 
obtain obstruction spaces for logarithmic deformations. We follow the steps of the 
theory developed by Kawamata-Namikawa and we adapt it in the algebraic case. 
As a first step we define the sheaf of relative logarithmic differentials on X. 

Definition-Proposition 3.11. Let (X, U) be a logarithmic deformation of a n.c. 
variety [X,Uq) with a logarithmic structure over A. Then the sheaf of relative 
logarithmic differentials Qx/a(1°9) i s a locally free O^-module of rank n — dim X 
defined as follows: 

(1) Let f\ : U\ — > X be an etale map in hi. Then we define 



^Ux/A 



5?.„<M A) 



(2) Let A, (j, be such that Ux^ = U\ Xx U^ ^= and let p\\ U\ x x U^ — s- 
U\, Pfj,: U\ Xx U^ — > Ufj,, be the projection maps. Let Z be a connected 
component of the singular locus of U\^ and W a neighborhood of it as in 
Definition 13.11 Then on W we define the maps 



by 



<£f/i : P\{^u x /A{log))\ w -> P*^ Uii/A (log))\ w 



d7/ (V) 

°XA e <r(j)> ~ e 3 + (A M ) 



U i 



These maps glue to a map 

0\n : P\( n Ux/A(l°g)) -> Pt(^ujA(log)) 

Now we use Grothendieck's descent theory to show that the sheaves Cljj x /^(log) 
come from a sheaf Qx/a{1°9) on ■'f- 

Theorem 3.12 (Fpqc descent, Theorem 4.23 [BLLSNAj ). Let X be a scheme 
and U a covering sieve in the etale topology generated by a finite number of quasi- 
compact X -schemes. To give a quasi- coherent module on X is equivalent to give 
it U-locally. This means to give for any U G U a quasi- coherent Ou -module Tu , 
and for any morphism </>: V — » U inU an isomorphism a^: Ty — > <f>*Ty , such that 
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given morphisms W — )■ V — >■ U inlA, the following diagram commutes 





Finally, We also define 

t x/a{1°9) = Uomx(£l x/A (log), O x ) 

One can check exactly as in [KawNa94 that the conditions of descent are satisfied 
and hence there is a coherent sheaf Qx/a0>°9) on % such that 

fx&x/A(log) = tou x /A(log) 

for all A. 

The crucial thing about logarithmic deformations is that locally they behave 
exactly as if X was smooth. In particular, we will show that if X is afhne and 
{Xa-Ma) is a logarithmic deformation of (X,Uq) over A, then for any square zero 
extension 

Q-tJ->B-tA-tO 

there is a unique lifting of (Xa-Ma) to B. This property allows us to work the 
logarithmic deformation theory in a similar way as the smooth case. We start with 
some preparatory definitions and results. 

Definition 3.13 ( [TilO] ). Let 

0^ J ->• B -)■ A^O 

be a small extension of Artin rings and Xa £ Def(X)(A). Let (X B ,<fii), i = 1,2 
be pairs where X % B £ Def(X)(B) and <j>i : Xa — > X B (gig A isomorphisms. We say 
that the pair (X B ,<f>i) is isomorphic to the pair (X B ,(f>2) if and only if there is a 
B-isomorphism ip : X B — > X B such that tp(j)i = <p2 ■ 

We define by Def(XA/A, B) to be the set of isomorphism classes of pairs [Xb, 4>] 
of deformations Xb £ Def(X)(B) and marking isomorphisms <fi: Xa — > Xb <8>b A. 

Lemma 3.14. Let X ba a reduced scheme of finite type over a field k and 

0^> k^ B -)■ A^O 

be a small extension of finite Artin k-algebras. Let Xa be a deformation of X over 
A. Then there is a one to one map 

9: Def(X A /A,B) -> Ext^ A (0 XA ,O x ) 

Proof. Let Xb be a deformation of X over B lifting Xa together with an iso- 
morphism (f>: Xa —t Xb ®a B. Then, since X is reduced, there is a short exact 
sequence 

-> Ox ->• n XB ®b A -> Xa -> 

which gives an element of Ext^- A (i7xAi Cx)- This defines the map 9. Since in 
general Def(XA/A, B) does not have a vector space structure over k, 9 is just a 
map of sets. Now similar arguments as in the case when A = k show that 9 is one 
to one |Ser06j . □ 
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Lemma 3.15. Let X be a reduced affine scheme of finite type over a field k. 
Suppose there is a commutative diagram 

(3.15.1) 




SpecA 

where X\, X\ are deformations of X over a finite Artin k-algebra A and g\, <?2 
are faithfully flat etale maps. Then X\ = X A over A. 

Proof. We do induction on the length 1(A) of A. If 1(A) = then there is nothing 
to show. By the induction hypothesis we may assume that there is a square zero 
extension 

O^fc^ A^ B ->0 

and diagram (J3.15.U are two liftings of a faithfully flat etale map g : Zb — > Xb , 
where Xb is a deformation of X over B. By Lemma [3.14[ there is a one to one 
map 

6 : Def(X B /B, A) -4 Ext^ B (Q Xb , Ox) 

Let ei = 6(X A ), i = 1,2. Since g is faithfully flat and etale, there is a natural 
injection 

a: Ext XB (Slx B ,O x ) -* Ext^ (Q Zb , O z ) 

given by <?*, where Z = Zb <8>b k is etale over X. Now the explicit description of 9 
given in the proof of Lemma 13.141 show that cr(ei) and o-(ei) are both represented 
by the extension 

Q^o z ^n ZA ® B A^ n ZB -> 

and hence e\ = C2 and therefore X\ = X\ over A. □ 

Proposition 3.16. Let (X,U) be an affine n.c. variety with a logarithmic structure 

Li = {(U, /); zq, . . . , z n } consisting of a single faithfully flat etale cover U — > X. 
Suppose that the singular locus D of X is connected. Let A be a finite Artin Ai- 
algebra and let (Xa,Ua) be a logarithmic deformation of (X,U) over A. Then for 
any square zero extension 

0^ J -t B -> A^O 

of finite Artin K\-algebras, there exists exactly one lifting (Xb,14b) of (Xa,Ua) 
over B. 

Proof. By induction on the length of B we may assume that J = k. Suppose 
Ua = {(Uai /a); Zq, ■ ■ ■ , z n}- According to the definition of log deformations, 
fA'- Ua — > Xa is etale and Zq ■ ■ ■ z^ — sa> where sa S itla is the element 
defining the Ai-algebra structure of A. Suppose there are two liftings (XbMb), 
(XbMb) of (X a ,Ua). Suppose that U B = {(U B , /s); Zq, ■ ■ ■ , z„ } and U B = 
{(Ub, /b); Zq, . . . , z^} of (XaMa)- By the definition of logarithmic deformations, 
fs ■ Ub — > Xb and fg : Ub — > Xb are etale liftings of /a : Ua — > Xa over B and 
moreover, Zq ■ ■ ■ z„ = Zq ■ ■ ■ z^ = Sb G tub, where sb G tub defines the Ai-algebra 
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structure of B. By Lemma I3.14[ the deformation Ub and Ub correspond to two 
elements of Ext^ A (S^u A , Ojj)- Now for any closed point P £ U, there is an injection 

VP : Ext^ (Q Ua , Ou) ->■ Ext^ (Q Ua , 6 V ) 

where Ua = Spec(Ou A ,p) and by "we denote the completion at the closed point P. 
Let tp: Ojj a .p — > Ou A .p be the natural injective map. By a slight abuse of notation 
denote by zf the images ip(zf), i = 1, . . . ,n. Then there is < r{p) < n, such that 

£l k[\ZQ, . . . , Z r ( p ), i r (p) + l! • ■ • i t n \\ 

Uu ' p = u V~\ 

(Zo ■ ■ • z n ) 

and Zi € (Ojj,p)*, for i > r(p). But now we are in the analytic case and the only 
logarithmic deformation over B is 

B[[zo, . . . , z r (p),t r (p)+i, . . . , t n ]\ 
(z - ■ ■ z„ — Sb) 

Therefore hp([Ub]) — (J-p([Ub}), for all P G U, where [Ub] and [Ub] are the classes 
of Ub and Ub in Ext UA (Clu A , Ou). Hence [Ub] = [Ub] and hence Ub — Ub over 
Ua- Now the claim follows from Lemma T3. 151 

D 

The previous proposition shows that the local logarithmic deformation theory is 
very similar to the smooth one, the main similarity being the uniqueness of liftings. 
This allows us to work the log deformation theory with the same methods as the 
smooth. Repeating word by word the arguments of KawNa94 we get the following 
theorem that was originally proved by Kawamata and Namikawa in the complex 
analytic case. 

Theorem 3.17. Let (X, Uq) be a normal crossing variety with a logarithmic 
structure on it. Let m be the number of irreducible components of X and A m = 
k[[x 1 ,...,x m ]]. Let 

0^ J -¥ B -> A^O 
be a square zero extension of local Artin A m -algebras and let (Xa,Ua) be a loga- 
rithmic deformation of (X,14) over A. 

(1) Assume that (Xa,Ma) lifts to a logarithmic deformation [Xb,Ub) over B. 
Then the set of automorphisms of Xb over B which fix the log structure 
Ub and induce the identity on Xa is bijective to 

H°(X A ,T XA/A (log)® A J) 

(2) Under the same assumptions as in (1), the set of equivalence classes of log 
deformations over B which are liftings of (Xa,Ua) is a torsor on 

H\X A ,T XA/A (log)®AJ) 

(3) The obstruction to the existence of a lifting of {Xa,Ua) over B is in 

H 2 (X A ,T XA/A (log)®AJ) 

Now exactly as in the case of usual deformations we have the following. 

Theorem 3.18. Let (X,IAq) be a projective algebraic variety with normal crossing 
singularities with a logarithmic structure. Then the logarithmic deformation functor 
LD(X,Uq) has a hullLD(X,Uo) in the sense of Schlessinger |Sch68j . 
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Finally, exactly as in [KawNa94, Corollary 2.4] we have the following. 

Corollary 3.19. Let (X,14) be a normal crossing variety with a logarithmic struc- 
ture. Then if H 2 (Tx{log)) = 0, then LD(X,U) is smooth over A m , where m is 
the number of irreducible components of the singular locus of X . Moreover, X is 
smoothable with a flat deformation X —> A, such that X is smooth. 

4. Obstructions 

Let X be a variety with normal crossing singularities. It is well known that 
H 2 (Tx) and H 1 (T 1 (X)) are obstruction spaces to deformations of X. The purpose 
of this section is to describe these spaces and moreover to describe the obstruc- 
tion space H 2 (Tx{log)) to logarithmic deformations of a n.c. variety X with a 
logarithmic structure IA. We begin with some preliminary results. 

Proposition 4.1 ( [Fr83j ). Let X be a scheme with only normal crossing singu- 
larities. Let tx C Q x be the torsion subsheaf of fix- Then for all i > 0, 

n x /T X si n£ 

Ext^ (Qx/tx, Ox) = H\T x ) 
Ext x (Tx,Ox)=H t - 1 (T 1 (X)) 

Corollary 4.2. Let X be a projective scheme with only normal crossing singular- 
ities. Then 

H 2 (T x )=H n - 2 {{n x /T X )®u x ) 
where dim X = n. 

Proof. By Proposition^ H 2 (T X ) = Ext x (tt x /T X , O x ) = H n - 2 ((fl x /t x )®w x ), 
by Serre duality. □ 

Definition 4.3. Let X be a scheme with normal crossing singularities defined over 
a field k. Then we denote by Xm C X, k > 0, the subschemes of X defined induc- 
tively by Xm\ = X and Xm the singular locus of Xu._ \\ with reduced structure. 
We also denote by it: Xui — > Xu] the normalization of Xu-i i > 0. 

Theorem 4.4. Let X be a scheme with normal crossing singularities defined over 
a field k. Then, 

(1) There is an exact sequence 
(4.4.1) 

->■ n x /T X -> {ir )*n x ^ (7ri)*(% (i] ® ii) 5 A •• • *A (7Tiv)*(% [N] ® Ltf) -> o 

(2) Suppose that X has a logarithmic structure U. Then there is an exact 
sequence 

(4.4.2) 

-> n x /T X -»• n x (lo fl ) ^ (tti)*^^ ® Mr) % • ■ ■ H l {-K m )*{0 X[m] ® M m ) -> 

where m,N < dimX and L^ ; Mj are 2-torsion invertible sheaves on Xu and -XYj], 
respectively, i.e., Lf 2 = O x and Mf 2 = O x . , for all i,j. 

Remark 4.5. In the case of simple normal crossing complex analytic spaces, The- 
orem [44] was proved by R. Friedman jFr83] . 
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The following result is needed for the proof of the theorem. 

Lemma 4.6. Let f:Y^X be an etale morphism of schemes. Let -k: X — > X be 
the normalization of X . Then py : X x x Y —> Y is the normalization of Y , where 
X x x Y ^ Y is the fiber product of X and Y over X and py the projection to Y . 

Proof. From the hber square diagram 

PY 

X x x Y >Y 

Px 

x — -^ X 

it follows that p x is etale and py finite. Hence X Xx Y is normal. Moreover py is 
generically isomorphism. Therefore there is a factorization g: X xx Y ^> Y o£ py 
through the normalization Y of Y. But then, since both X Xx Y, Y are normal, g 
finite and generically isomorphism, g is in fact an isomorphism. □ 

Proof of Theorem \4-4\ We will only prove the first part in detail. The second part 
is similar and we will only sketch the proof and leave the details to the reader. 

The proof of the first part is in two steps. First we show the existence of the 
exact sequence (J4.4.1I) for an affine simple normal crossing scheme and then we 
prove the general case. The proof of this part is similar to the one exhibited by 
Friedman Fr83! in the case of a simple normal crossing complex analytic space. For 
the sake of completeness, and since the explicit local construction of the sequence 
is needed for the general case, we present a short proof here following the lines of 
Friedman's proof. 

Step 1. Suppose 

X = S P ec fc i Xl '---' X " ] 

[Xl ■ ■ -X r ) 

Then X — L)^ =1 Xi, where Xi C X is the component given by Xi = 0, 1 < i < r. 
Then for i > 1, 

x H = |J (x ko n---nx ki ) 

k <---<ki 

Moreover, X — ]J[ =1 Xi and 

x H = 11 (x ko n---nx kz ) 

k <---<k { 

The maps ni : Xin — > Xui , i > 0, are the natural ones. Now by definition, tx C Clx 
is the sheaf of sections of Fix supported on the singular locus of X. Hence it is the 
kernel of the natural map 5: ilx -^ 7r„f^. Now define the sequence of maps 
(4.6.1) 

-> T X -> &x ->■ (n )*Q x -^ ( 7r i)*^x [1] "^ ^ ( 7r 0*^x [i] "^ ( 7r *+i)*^A > [i+1] "^ ' 

where Si are the Cech coboundary maps. This is clearly a complex and we proceed 
to show that it is in fact exact. We use induction on the number r of components 
of X. For r = 1 there is nothing to prove. Suppose now that the sequence (|4.6.1[) is 
exact for all simple normal crossing affine schemes with at most r — 1 components. 
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Let X' = [JlzlXi and Y = X'nX r . Then, X = X' U X r , X [k] = X' [k] TJ Y [k _ x] , 
for all k > 0, where we also set Vf—i] = X r . By the induction hypothesis, the 
corresponding sequences (|4.6.1|) for X' and Y, are exact. 

From the previous discussion, it follows that Ker(^) = rx- Next we show exact- 
ness at the next step, i.e., that Ker(<5i) = Im(<5). Now since 

(tto)*^I x = (lTo)*fl x , © £lx r 

any element of (ttq)^-^ is of the form (a,/3), where a £ (iro)*£l x , and /? € 0^ r . 
Suppose that such an element is also in the kernel of Si . It is now clear from the 
induction hypothesis that (a,0) is in the image of 5. Therefore, in order to show 
exactness at the level of 8i , it suffices to show that if an element of the form (0, (3) is 
in the kernel of Si, it is also in the image of S. Suppose that j3 — J2k^r a r(fk)dxk is 
such an element, where fk € Ox and a r : Ox — > Ox r the natural map. Therefore, 
since (7To)*S!y = ®jZiQ>Xir\X r , it follows that the restriction of /3 on Xi n X r is 
zero, for all i < r — 1. Hence fk 6 {x\ ■ ■ ■ Xk • • • x r -i,x r ), for 1 < k < r, and 
fk e {x\ ■ ■ -Xr-i,Xr), for k > r. Therefore, 6(J2k^r fkdxk) = (0,/3) and hence 
(0, j3) is in the image of 5. 
There is an exact sequence 

(4.6.2) ->• (7T fc _i)*Oy- -> (7Tfc)»0^ -4- (7Tfc)*0-y, -> 

l fe 1J L fc J [fc] 

Now define the complexes (A*, 6%), (B*,5%) and (C*,8q), such that A k = (7Tfc_i)*Oy 

B k = (irk)*fl x , and C k — (irk)*£l x , , k > 0, and the coboundary maps are the 

[ fc ] [fe] 

Cech maps. Then (|4.6.2|) induces an exact sequence of complexes 

-» A* -> 5* -> C* -)• 
Passing to cohomology we get an exact sequence 

► H k {A*) -»• ff fe (#*) -»• if fe (C*) -> • • • 

Now by induction iJ fe (C*) = 0, for all k > 1 and ff fc (A*) = 0, for all k > 2. Hence 
H k (B*) — 0, for all k > 2. It remains to check for fc = 1. Then there is an exact 
sequence 

H Q (C*) 4 H l (A*) -)■ F X (B*) -)■ 
Moreover, H°(C*) = Qx>/t~x>, H 1 (A*) — VLy/ry and a is the natural map 

Qx>/tx' -> CI y /t y 

and hence it is surjective. Therefore H 1 (B*) = and the complex (|4.6.ip is exact 
as claimed. 

Step 2. The general case. So, let X be a scheme with normal crossing singular- 
ities. 

f. 

Claim: There is an etale cover (C/j -4 X)i & i of X such that 

(1) Ui is a simple normal crossing scheme. 

(2) For any i €. I, all irreducible components of Ui pass through the same point. 

(3) Let Ui — U fc= i 1 C/i ! fc be the decomposition of Ui into its irreducible compo- 
nents. Then there is an exact sequence 

(4.6.3) 



— > TUi — > QlJi —> ('^i,o)*^u i -^ (^i,l)*^u. „, -^ " " -^ (^i,k)*^u 



— > 
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where 

Ui,[k] = (Ui) [k] = (J (Z7i, S0 n • • • n Ui, ah ) 

s <---<s k 

and the boundary maps are the Cech maps. 
We proceed to show the claim. Let Pela point. Then by assumption, 

ft ~ k[[xi,...,X n ]] 

Ux.P = —, r- 

(X! ■ ■ ■ X r{p) ) 

Let Wp = Spec(k[xi, . . . ,x n ]/(xi ■ ■ -Xrlp))) an d let w p be the closed point corre- 
sponding to the maximal ideal (xi, . . . ,x n ). Then by Theorem 13.31 since Ox.p — 
@Wp,w > there is a common etale neighborhood ofPeX and w p G Wp, i.e., there 
are etale maps 

Up 




X W P 

and a point u p G Up such that f p (u p ) = P, g p {u p ) — w p and inducing isomor- 
phisms of residue fields k(u p ) = k(P) = k(w p ). Let W p = if^Wp^ its decompo- 
sition into irreducible components, where W Pl j is given by Xi = 0, i = 1, . . . ,r(p). 
Then U p = u[ii <7~ 1 (Vt / p ,i). Moreover, since g p is etale, g~ 1 (W Pi i) is smooth (per- 
haps disconnected) and therefore U p is a simple normal crossing variety. Taking 
a sufficiently small neighborhood of u p G Up, we may assume that all irreducible 
components of Up pass through u p . Then from step 1. there is an exact sequence 

(4.6.4) -)• t Wp -► &w P -» (vr«, p ,o)*^# p ^ (7r«, p ,i)*£V p[1] ^' ••• 

where for convenience we set Wp.^j = (Wp)ffcj. Since g p is etale, by Lemma 14.61 
there is a fiber square diagram 

Up,[k] *- U P,[k] 



Up 



(if 



Wp,[ k ] — ^*- w Pi[k] 

By flat base change it follows that g p {~n Wp _k)* = ( 7T u p .k)*(gp)*- Moreover, since both 
g p and g p are etale, 

9p^w p , [k] = &u Pi[k] 
(9p)*^w Pilh] = ^u pAk] 
Therefore (|4.6.4p pulls back via g p to an exact sequence in U p 

(4.6.5) ->• nr P ->■ Q Up ->• (Tup.o)*^ ^ ( 7r u P ,i)* n t; i ,, [I] -3 • • • 

and the coboundary maps are the Cech maps corresponding to the numbering of 

the components of Up induced from the numbering of the components of Wp. R 

t. 
epeating this procedure at all points of X, we obtain an etale cover (U -A- X)i^j 

with the properties claimed. 
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Let Vi = fi{Ui) C X. Then since fi is etale, Vi is a zariski open set of X. 
Next we show that the exact sequences (I4.6.3J) on Ui are induced by analogous 
exact sequences on Vi . Let Vty, , il^f be the sheaves in the etale topologies of Vi 

and Vj [jy induced by fivi, 57^ . They have the property that for any etale map 
Viz, and similarly for Vtff Mil80 . Then the maps Si t k induce 



maps in the etale topology 



(TTi. 



'"&,[« ^ (7r ^ fc+l) *%,[, + i] 



Then since J7i is an etale cover of V, , the necessary and sufficient condition for Sf k 
to be induced by a map 



S i,k'- ( % i,k)*to%: ... -> (7Ti,fe+l)* 



n,[fc+i] 



is that 

where p\ , P2 are the projection maps from the fiber square diagram 

l'2 



Ui x Vz Ui 
pi 
Ui 



Ui 



+ V 



Let Zi = Ui Xy. Ui. Since pi are etale, Zi is a simple normal crossing variety and 

Zi = u^pr^.fc) = ^i lP ^(Ui, k ) 

is its decomposition into smooth irreducible components. Then pl(Sf k ), p^i^Tk) 
are Cech maps 

(7T» Afll -> (7Tj fe + l)*f2^ 

corresponding to the numberings of the irreducible components of Zi induced by 
P\ and P2 , respectively. Hence 

where eg{l,-l}. I now claim that the numbering of the components of Zi induced 
by p\ is the same as the numbering induced by p2 ■ To show this it suffices to show 
that Pi (Ui,k) — P2 (Ui,k), for all i. Suppose that this is not true. Then there 
is an irreducible component, say Z^k, of p^ (JJ^k) (since p\ is etale, p\ (U^k) is 
a disjoint union of smooth irreducible varieties) such that piiZi^) = U^\, with 
k 7^ A. By the construction to the etale cover, m £ U^k D Ui_\. Let z i: such that 
Pi(zi) = P2{zi) — Ui and vi — /(%)• Then by passing to completions we get a 
commutative diagram 



O 



Ui,u 




®VuVi 
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Since p\, pi and / are etale, it follows that p\, p2 and / are isomorphisms and 
since we are assuming that X has normal crossing singularities, all rings involved 
are isomorphic to A;[[xi, . . . , x n ]]/{xi ■ ■ ■ x s ), for some 1 < s < n. Then, if there is 
an i such that p± (Ui,k) 7^ P2 (Ui,k), there are two different components of Ou uUi , 
corresponding to Ui.k and Ui t \ that map to the same component of Oy i ^ Vi , which 
is impossible. Hence the maps 5l\ are induced by maps on Vi. This means that for 
each i there is sequence of maps 
(4.6.6) 

r\ r\ 8 1 \ r\ ^ iA I \ r\ *»> 2 **i* / \ <~» <>i,k+l 

->■ T Vz -> \l Vi ->■ (7T ii0 )42^ -4 (TT iA )Jly t[i] -)••••->■ (7Ti,*)* n Vi, [k] "^ 

which pulls pack by /* to (|4.6.3p . Since (14.6. 3p is exact and /,; : Ui -¥ Vi faithfully 
flat, (|4.6.6p is exact too. 

Next we glue the maps 5i,k to obtain global maps 5k- To this we check how 
they differ on overlaps. Let i, j with i ^ j. Let fi'.Ui^rVi and fj : Uj — > Vj the 
corresponding etale cover. Let Vij = VI D V, and once again consider the following 
fiber square diagram 



/rWi)-^— ^^ 

where Z y = f~ l (Vij) x v% . J J 1 {Vij). Then /^(Vy), I J 1 {Vij) and Zy are simple 
normal crossing varieties. Let h\ = fjPi, hi — fiP2- Then hi and hi are etale. 
Since they are also faithfully fiat, it suffices to compare h\bi^ and h^Sj^k- By 
construction, both of these maps are Cech coboundary maps between (~Kij,k)*Qz- 
and {iTij t k+i)*^z- ■ corresponding to two (perhaps different) numberings of the 

components of Zij. Hence h*Si t k — Sih^Sj^k, £i G { — 1, 1}- Therefore Si.k = £idj,fc- 
Therefore, in order to be able to glue them we change the glueing maps of f2y 
by multiplying the canonical ones by £j. This amounts into tensoring Q x by a 

[k] 

2-torsion sheaf and hence we get a global sequence 

->• t x ->• ^a -> (tto)*^x "^ (^iM^aVj ® L i) "^ ( 7r 2)*(^x [2] ® ^2) ->■ • • • 

where L^ G Pic(Jfrfci) are 2-torsion invertible sheaves as claimed. 

Next we sketch the proof of the second part. Initially we construct the exact 
sequence (|4.4.2I) in the case when 

X = Spec ^ '-''" 1 

[XO ■ ■ -X r ) 

In this case X = if i=1 X r , where Xi is given by Xi — 0. Then, 

jo<---<ji 

Then we define the sequence of maps 

(4.6.7) 

-> t x -> n x % n x {io 9 ) ^ {^),o Xm $ ■ ■ ■ 4 (ttO.O^ a ^ fa+i)*o* [4+1] -4 • 

as follows. The maps A^ are the Cech coboundary maps for i > 2 and Ao is the 
natural map between fl x and fl x {log). tt x {log) is a free Ox-module generated 
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by dxi/xi, . . . , dxr/x r , dx r +i, • ■ • , dx n with the relation dxo/xo + • ■ • dx r /x r = 0. 
Then we define Xi(dxi) = 0, if i > r and if i < r, Ai(<ia;i/a;i) = (oy ji),:/o < ji 
such that 

{1 if jo = « 
-1 ifji = i 
otherwise 

Now by either using the same method as in the first part for the sequence (|4.4.1|) or 
by |Fr83| Corollary 3.6], we get that (|4.6.7p is exact. Now by using exactly the same 
argument as in the first part by using etale covers we get the existence of (J4.4.2I) . 

□ 

Theorem 4.7. Let X be a Fano variety with normal crossing singularities defined 
over a field k of characteristic zero. Then H 2 (Tx) = 0. Moreover, if X has a 
logarithmic structure Li, then H 2 (T x (log)) = as well. 

The previous theorem and Theorem 13. 181 imply that 

Corollary 4.8. Let X be a Fano variety with normal crossing singularities defined 
over a field k of characteristic zero. Assume that X has a logarithmic structure U. 
Then LD(X, U) is smooth. 



Proof of Theorem \4-7\ By Corollary [ 

(4.8.1) H 2 (T X ) = H n - 2 ((n x /r x ) ® u x ) 

where n = dim X. Then by Theorem 14. 4[ there is an exact sequence 

(4.8.2) 

-> n x /T X % (7T )*% ^ (7Tl)*(n X[i] ® Xl) 4 • • • H (7Tiv)*(% [JV] ® L N ) -> 

where N < dimX, t x is the torsion part of fl x and Li is an invertible sheaf on 
X M such that Lf 2 = O x . . 

Tensoring (J4.8.2I ) with uj x and taking into consideration that 

(7Ti)*(n^ (g) (%i)*Ux) = (7Ti)*f2_x- ®WX 

we get the exact sequence 

-> (SIx/tx) ®Wx4 (7To)*(fijc ® ^O^*) -4 (7Tl)*(n_y (g)Xi <g)7T*Wx) -4 ••• 



-4 (7Tjv)*(^x [jv] ® Xjv <8> TT^Wx) -► 



Mi. 

Let Mfe = Im(5fe), 1 < fc < N. Then the above sequence splits into 

-► (fix/rx) ® wx ^ (7T )*(nx ® ^o*wx) ^Hfl 
->■ M fe ->• (7r fc ) >s (Sl^ [fc] ® L fc TTfcWx) -> Mfc+i -> 

where 1 < A; < iV — 1, N < n = dimX and Mx = (ir N )*(fl x <g> L w ® 7i"x w ^) 
Therefore we get exact sequences in cohomology 

(4.8.3) 

• ■■H n - 3 (M 1 ) -»■ i/"- 2 ((r!x/Tx) <8> wx) ->■ F"- 2 ((7r )*(fix ® *x)) -> • ■ • 
• ■ • H n - k - 3 (M k+1 ) -> H"- k - 2 (M k ) -> ^"- fe - 2 ((7r fe )*(0 XrM <g> L fc ® tt£wx)) -»• • • • 



[fe] 
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Now since n k are finite, it follows that (7r^wx) _1 are ample, for all < k < N and 
hence (L^ 1 (^tt^ujx) -1 is ample too, since L k is 2-torsion and invertible. Moreover, 
X\u is smooth of dimension n — k. Therefore, and by using the Kodaira-Nakano 
vanishing theorem [EV921 Corollary 6.4], 

H n - k - 2 {{TT k ).^x [k] <8> L k <g> 7T* k UJ X )) = 

for all 1 < k < N. Hence from (|4.8.3[) and by induction it follows that H n ~ k ~ 2 (M k ) = 
0, for all < k < N and hence again by (J4.8.3J) it follows that there is an exact 
sequence 

H^iAh) -)■ H n - 2 ((n x / Tx ) ®ux) -»• H n - 2 ((7r Un x ® ir*u x )) 

and therefore 

H 2 (T X ) = H n - 2 ((n x /T X )®Lu x ) = 

as claimed. 

If X has a logarithmic structure U, then by using the exact sequence (|4.4.2[) and 
arguing similarly as before we get that H 2 (T x (log)) = 0. □ 

Unfortunately, in general I cannot say much about the other obstruction space, 
namely H 1 (T 1 (X)). However, since T 1 (X) is a line bundle on the singular locus 
Xni of X, it is much easier handled than H 2 (T X ) and it will vanish if we impose 
certain positivity requirements on T l (X). 

The case when X has only double points exhibits much better behavior and it 
deserves special consideration. The difference between this and the general case is 
that the singular locus Xu\ of X is smooth. 

Theorem 4.9. Let X be a Fano variety with only double point normal crossing 
singularities such that T l (X) is finitely generated by its global sections. Then 

H 2 (T X ) =H 1 {T 1 {X)) =0 

Corollary 4.10. Let X be a Fano variety with only double point normal crossing 
singularities and such that T 1 (X) is finitely generated by its global sections. Then 
Dcf(X) is smooth. 

Question 4.11. Is Def(X) smooth for any Fano variety with normal crossing 
singularities? If this is true then X is smoothable if and only if T 1 (X) is finitely 
generated by global sections and hence this is a very natural condition to impose. 

Remark 4.12. In general, H l (T 1 (X)) will not vanish. However if X is smoothable, 
then T X {X) must have some positivity properties and the one stated is the most 
natural one. 



Proof of Theorem \4-9\ In view of Theorem 14.71 we only need to show the vanishing 
of H 1 (T 1 {X)). In order to show this we will first show that the singular locus 
Z = Xm of X is a smooth Fano variety of dimension AivaX — 1. The Fano part is 
the only part to be shown. Let 7r: X — ¥ X be the normalization and Z = tt~ 1 Z. 
Then Z — > Z is etale. By subadjunction we get that 

TT*UJ X = LU X ®O x {Z) 

Therefore, 

w^ = u> x ® O x (Z) <g> Oz 
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Hence w^ 1 is ample. But since Z — > Z is etale, it follows that tt*ujz = ^>z- Therefore 
uj'z is ample too and hence Z is Fano as claimed. Now 

H X (T X (X)) = H x {uj z ® (T\X) ® u z 1 )) = 

by the Kawamata-Viehweg vanishing theorem since if T 1 (X) is finitely generated 
by global sections, then T X {X) ® w z : is ample too. 

D 

5. Smoothings of Fanos 

In this section we obtain criteria for a Fano variety X with normal crossing 
singularities to be smoothable. First we state a criterion for a variety X with 
hypersurface singularities to be smoothable and moreover to be smoothable with a 
smooth total space. 

Proposition 5.1. Let X be a reduced projective scheme with hypersurface singu- 
larities and let D be its singular locus. Then 

(1) If X is smoothable by a flat deformation X — > A such that X is smooth, 
thenT x (X) = O d . 

(2) Suppose that T X (X) is finitely generated by its global sections and that 
H 2 {T X ) = H^T^X)) = 0. Then X is smoothable. Moreover, if Def(X) 
is smooth then the converse is also true. 

Proof. The second part is |TzlO[ Theorem 12.5]. We proceed to show the first 
part. Let /: X — >• A be a smoothing of X such that X is smooth, where A = 
Spec(i?), (R,mn) is a discrete valuation ring. Let T 1 (A'/A) = £xt x (Qx/A, Ox) 
be Schlessinger's relative T 1 sheaf. Then dualizing the exact sequence 

o -*■ /*w A = o x -> n x -> n x/A -> o 

we get the exact sequence 

...^O x -> T\X/A) -> £xtx(n Xl Ox) = 

Now restricting to the special fiber and taking into consideration that X®B,R/m r = 
X and that ^(X/A) ® R R/m R = T l (X) [TzlOl Lemma 7.7], we get that there is 
a surjection Ox —> T 1 (X). Moreover, T X (X) is a line bundle on the singular locus 
D of X. Hence, restricting on Z it follows that T X {X) = Od, as claimed. □ 

Remark 5.2. The condition T l (X) = Od is equivalent to Friedman's d-semistability 
condition in the case of reducible simple normal crossing schemes [Fr83] . One of 
the natural questions raised by Friedman is whether this condition is sufficient for 
a simple normal crossing variety to be smoothable. He showed that in the case 
of K 3 surfaces this is true but Persson and Pinkham have shown that this is not 
true in general |PiPe83j . However this is true in the case of normal crossing (not 
necessarily reducible) Fano schemes, as shown by Theorem 15.31 below. 

Theorem 5.3. Let X be a Fano variety defined over an algebraically closed field 
of characteristic zero with normal crossing singularities. Assume that one of the 
following conditions hold: 

(1) T l (X) is finitely generated by global sections and that H 1 (T 1 (X)) = 0. 

(2) X has at worst double point normal crossing singularities and that T 1 (X) 
is finitely generated by global sections. 
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(3) X is d-semistable, i.e., T 1 (X) = Od, where D is the singular locus of X. 
Then X is smoothable. Moreover, X is smoothable by a flat deformation f : X —> A 
such that X is smooth, if and only if X is d-semistable. 

Proof. (J5.31 1) follows directly from Theorem 14.71 and Proposition 15. 11 2. (J5.31 2) fol- 
lows from Theorems 14.91 and 15.11 2. Finally, suppose that T l (X) = On, i.e., X is 
d-semistable. Then according to Proposition ^. 81 X admits a logarithmic structure 
U. Hence by Corollarv l3.191 (X,U) has unobstructed logarithmic deformations and 
is smoothable. □ 

6. Examples. 

In this section we construct one example of a smoothable and one of a non- 
smoothable normal crossing Fano 3-fold. 

Example 6.1. Let P 6 Y C P 4 be a quadric surface with one ordinary double 
point locally analytically isomorphic to (xy — zw — 0) C C 4 . Let /: X — > Y be the 
blow up of P G Y . Then X is smooth and the /-exceptional divisor E is isomorphic 
to P 1 x P 1 . Moreover, -K x - E is ample and Af E /x = O e (-1, -1). 

Next we construct an embedding E C X' of E into a smooth scheme X' such 
that, Me IX' — Cb(1, 1) and —Kx 1 — E is ample. Let Z C P 3 be a smooth quadric 
surface. Then Af z/r a = O z (2, 2). Let it: X' ->• P 3 be the cyclic double cover of P 3 
ramified over Z. This is defined by the line bundle C = Op3(l) and the section s 
of £® 2 that corresponds to Z. Let E = (it- 1 (Z)) Ied = Z. Then ir*Z = 2E and 
cox — Tr*(ujp3 (g) £). Let V C E be one of the rulings and Z = 7T*(i'). then 

;'•£; = i/2(i' • tt*z) = 1/2(1 ■ z) = i 

and hence Me/x 1 = Oe(1, 1)- Now let Y be the scheme obtained by glueing X and 
X' along E. This is a normal crossing Fano 3-fold with only double points. Then 
by Theorem EH T l (Y) = N E /x®N E /x' = £>£■ Therefore, by Theorem E3 F is 
smoothable. 

Example 6.2. Let 25 C X be as in example 1. Then let Y be obtained by glueing 
two copies of X along E. Then by Theorem 13.61 

T 1 ^) = N E ix ®M Ej x = O e (-2, -2) 

and hence J ff°(T 1 (y)) = 0. Hence Y is not smoothable [Tz09| Theorem 12.3]. In 
fact, every deformation of Y is locally trivial. 
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